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It is well-known and classical that the norm and weak∗ topologies on a dual
Banach space X coincide if and only if X (and hence X∗) is finite dimensional.
In this talk we discuss the Szlenk index, a method for measuring the difference
between the norm and weak∗ topologies on subsets of X∗. We focus on recent
developments concerning the Szlenk index in relation to two topics in the
study of Banach spaces and their operators.
The first topic we consider in relation to the Szlenk index is that of Schauder
basic sequences. A classical result of Mazur asserts that every infinite dimen-
sional Banach space X contains a closed subspace Y with a Schauder basis.
In the 1970s, Johnson and Rosenthal showed that if X is separable, then
X admits a closed subspace Z such that the quotient X/Z has a Schauder
basis. We outline recent results of the speaker showing that in many cases
(including if X is separable) the spaces Y and X/Z may be assumed to have
the same Szlenk index as X.
Our other topic of interest is that of universal operators. If C is a (possibly
proper) class of operators, then T ∈ C is universal for C if for every S ∈ C
there exist operators U and V such that the composition V SU is defined
and equal to T . For example, the formal identity operator from `1 to `∞ is
universal for the class of non-compact operators. We outline a classification
of when a universal operator exists for classes of operators defined in terms
of a lower bound on the Szlenk index.


